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ABSTRACT 
Let R, denote the set of all doubly stochastic matrices. For x, y E R” such that y 
is majorized by x, let 
n,(y X x) = {S E 0” ) y = Sx}. 
Then fi,(y -: x) forms a convex subpolytope of R,. We determine the extreme points 
and the number of extreme points of the polytope n,Jy + x). 0 1998 Elsevier 
Science Inc. 
1. INTRODUCTION 
An extreme point of a polytope is an element of the polytope that is not a 
convex combination of two distinct elements of the polytope. As usual, the set 
of all n-square doubly stochastic matrices is denoted by fiR,; it is known to be 
* The authors wish to acknowledge the financial support of the Korea Research Foundation 
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a convex polytope of dimension (n - 1>2 with n! extreme points in the 
n2-dimensional Euclidean space. 
For integers k, n with 1 < k < n, let V,,, denote the set of all 72 X 1 
(0, l&matrices whose entries have sum k and let R” denote the set of all real 
n X 1 matrices. For x,y E R”, y is said to be mujorized by x, written as 
y 4 x, if 
max{vry 1 v E Vk,n} < max{vrx ( v E Vk,n} 
for all k = 1,. . . , n and the equality holds in (1.1) when k = n. 
It is well known that y < x for x, y E R” if and only if there exists 
S E IR,, with y = Sx. A thorough discussion of this theorem is given by 
Marshall and Olkin [3]. Let 
f&(y-cx) =(SERJy=Sx}. 
Then fi,,(y + x) forms a convex subpolytope of R,. We call it the polytope 
of the majorixation y + x or the mujorization polytope. This polytope is 
known to contain doubly stochastic matrices of very special type [3], and R. A. 
Brualdi [I] has determined the dimension of this polytope and the support 
matrix of the majorization. But as remarked by Marshall and Olkin [3], very 
little is known about the polytope CI,(y < x). In particular, as pointed out in 
[3, p. 421, even in the case n = 3, the possible numbers of extreme points are 
not known yet. 
The purpose of this paper is to determine the extreme points and the 
number of extreme points of the polytope fl,(y + x). 
2. EXTREME POINTS OF &(y < x) 
For x = (x1, x2,. . . , x,JT and y = ( yr, y2,. . . , y,Jr in R” with y < x, 
without loss of generality, we may assume that x1 > x2 > e-0 > X, and 
y1 2 y2 z -** z yn. 
For integers k, n with 1 < k ,< n, we say that y 4 x has a coincidence at 
k if yr + *** +yk = x1 + *.* +xk, and is k-decomposable if it has a coinci- 
dence at k (< n> and xk > rk+ r. It is well known that if y < x is k-decom- 
posable, then each matrix in fl,(y < x) has the form Sk @ S, _k where Sk is 
a k x k doubly stochastic matrix. A vector z = (z,, z2,. . . , z,IT E R” is a 
scalar vector provided zr = zs = **. = z,. It follows readily that if y < x for 
a scalar vector x, then y = x. Hence we may assume that x is not a scalar 
vector. Note that the extreme points of fi,(y < x) depend on x and y. 
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Let x = (xl, xg, XJ and y = (yl, yz, y3)r in R3 with y + x. If y -X x is 
k-decomposable, k = 1,2, then there exists exactly one matrix in a,(~ < x), 
since the dimension of fi,(y < x) is 0. So we assume that y -c x is not 
k-decomposable, k = 1,2. 
If y -X x does not have coincidences at k = 1,2, since x1 > yI and 
x3 < y3 it is easy to show that one of the following holds: (1) x2 > y , ; (2) 
Yz <x, < yl; (3) y3 < xz < ~2; (4) ~2 <y,;(5) x2 = y3 < y2; (6) y3 < y2 
= ~2 < yl; (7) y3 = y2 = x2 < yl; (8) y2 < x2 = yl; (9) y3 < y2 = x2 = y,; 
(10) y3 = y2 = x2 = yl; (11) X2 = x3 < y3; (12) x, = x2 > yl. And if y -C x 
has a coincidence at k = 1 or k = 2, then clearly y I = x 1 = x2 or y3 = x:) 
x 
Cow, we are ready to determine the extreme points of the polytope 
R,(y + 4. 
Let S = [sij] E fi3(y -C xl. From y = Sx and S E R,, we get 
Xl - Yl = (x1 - x2)s12 + (Xl - X3)813 
(2.1) 
‘1 - !42 = bl - ’21s22 + cX1 - X3)s23e 
First suppose that x1 + x2. If s13 = u and s22 = w, then each matrix S = 
S(u, u> in (n3(y 4 x) has the form 
1 - a1 + (cr2 - l)u ffl - Ly2u u 
( 1 1 1 l-a,- l-- 2) 0 a3 ----1; m2 a2 
CYl+cw3-l-((Y2-l)u + l-- 2) 
( 1 
1 
1 
1-(Yl+t(y2u-u l-Cx3--u+---o 
a2 a2 
(2.2) 
where (Ye = (X, - yJ/(q - x2>, a2 = (x, - X,)/(X, - x2), and ~3 = (xl 
- y2)/(x, - x3). 
For notational convenience, let p1 = a,/a2, & = (a, - I)/(% - I), 
- a,(1 - a,), and let E, = SC p2, 01, E2 = S((a, f a3 - 
E, = SC &, &I, E, = S( PI> P3)> Es = s(( P3 + a~ - 
1)/a,, fi3), E, = S( p2, &>, E, = SC1 - (~3, O), E, = s( PI> &)’ -& = 
S( Pl, PJ. El, = S(a3 - (I - a&a2, &), E,, = SC@ 1 - a,)> E,, = 
S( P1, P,), Elo = S(a3 - (1 - al)/a2, &), E,, = S(O, 1 - al)> E,, = 
~(0, o), E,, = ~(0, & - al>, E,, = S( PI> 01, E,j = S((1 - a,)/(% - 
I), P3)> E,, = S( PI> 1). 
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Since the feasible conditions for u and v in (2.2) are 
where 
i 
P2 
k,= 0 
if x2 > yl, 
if x2Qyl, 
k, = 
i 
P3 if x2 > y2, 
P4 if x2 <y2, 
k 
3 
= PS - a1 if x2 > y3, 
i P6 - a1 
if ZzGy3, 
by a sequence of elementary computations we obtain the following theorem. 
THEOREM 2.1. Let x = (x1, x2, x,), y = (y1, y2, y3) E R3 with y + x, 
and suppose that y < x is not k-decomposable for any k = 1,2. If x1 + ~2 
then the extreme points of R,(y -C x> are 
E,, E,, E3, E,> % E, 
E,, E,, E,> E,,, E,,, El2 
E,, E,> E,, E,,, El3 
E,, E,, E,, E,, E,,, E,, 
E,, E,, E,o, E,,, Exi 
E,, E,> E,, -%,> %I, El2 
E,, -4, > -5,~ E,, > EM 
E,, E,, E,, E,,, % 
E,> E,,, 437 EM 
E,, E,> &I, E,,, 4, 
E,, > E,, > El,) 4, 
E,, E,> E,,, % 
42 > 4, > -J&s 
E,, E,, E,> E,,, E,,, El2 
E,, E,> 41, El2 
if x2>y1> 
if ‘2 <y3> 
if y2 < x2 < y1 and Ps >, aI, 
if yz < x2 < y1 and P, < al, 
if y3 < x2 < y2 and Ps B al, 
if y3<x2<y2 and P5<a1, 
if y3 =x2 <y2> 
if y2<xz=y1> 
if ~3 <y2 =x2 -C yl and & > al, 
if ~3 < y2 =x2 < yl and Ps < al, 
if y3=y2=x2<y1> 
if y3<y2=x2=y1) 
if y3=y2=x2=y1, 
if x2 = x3 < y3, 
if x2 =x3 =y3. 
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TABLE 1 
x = (x,, ~2, x,1, y = (~1, ~2, ~3) with y -c x 
X2 > y1 or x2 < y3 or ri = x2 > y, or xe = r3 < y:r 
Y2 <x2 < y1 or ~3 <x2 < y2 
y3 = x2 <y2 or yz <x2 = yl 
Y3 <Y2 = x2 <Yl 
Y3 = y2 = x2 < ylor y3 < y2 = x2 = y1 
Number of 
Extreme points” 
6 
5 (6) 
5 
4 (5) 
or y1 = x, = x2 or y3 = x3 = x2 
YR = y2 = x2 = y1 
4 
3 
a Numbers in parentheses are for the case & < al. 
Now, suppose that x1 = x2. From (2.11, if s, , = w and sz2 = o we get 
S(u;,v)= l-(Y,-V I w 1 - (Y‘$ - w a4 V ff3 a3 -w+v a4 + u: - 1; 1 - (Yg - (Yq 
where o3 is the same as in (2.2) and o4 = (x1 - y ,1/(x, - x3). 
In this case, we also obtain following extreme points: 
(1) if x, = x2 > yl, then they are S(O,O), S(cw,,O), S(I - 04, 1 - (Ye - 
a,), $1 - CQ, 1 - a& 541 - (us - (Y*, 1 - a.& and $0, 0,); 
(2) if x1 = x2 = yl, then they are S(0, O), S((Y,, 01, $1, 1 - a,>, and 
$1 - Cr3, 1 - a,). 
The possible numbers of extreme points of the polytope 
tabulated in Table 1. 
f13(y < x) are 
The complete details of the proof of Theorem 2.1 can be obtained from 
the authors. 
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